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1. Introduction 

The purpose of this article is to give an overview of the series of papers 
[BKlj |BK2j concerning the p-adic Beihnson conjecture of motives associ- 
ated to Hecke characters of an imaginary quadratic field K, for a prime p 
which splits in K. The p-adic L-function for such p interpolating critical 
values of L-functions of Hecke characters associated to imaginary quadratic 
fields was first constructed by Vishik and Manin [VMj . and a different con- 
struction using p-adic Eisenstein series was given by Katz jKatzj . The p-adic 
Beilinson conjecture, as formulated by Perrin-Riou in |PRj . gives a precise 
conjecture concerning the non-critical values of p-adic L-functions associ- 
ated to general motives. The purpose of our research is to investigate the 
interpolation property at non-critical points of the p-adic L-function con- 
structed by Vishik-Manin and Katz. 

For simplicity, we assume in this article that the imaginary quadratic 
field K has class number one and that the Hecke character tp we consider 
corresponds to an elliptic curve with complex multiplication defined over Q. 
Let a be an integer > 0. The main theorem of this article (Theorem 16. Oh is 
a proof of the p-adic Beilinson conjecture for -0'^ (see Conjecture 12. 3p . when 
the prime p > 5 is an ordinary prime. The authors would like to thank 
the organizers Takashi Ichikawa, Masanari Kida and Takao Yamazaki for 
the opportunity to present our research at the RIMS "Algebraic Number 
Theory and Related Topics 2009" conference. 

2. The p-ADic Beilinson conjecture 

Assume that K is an imaginary quadratic field of class number one. Let 
E be an elliptic curve defined over Q. We assume in addition that E has 
complex multiplication by the ring of integers Ok of K. We let ip ■= i^E/K 
be the Grossencharacter of K associated to Ek ■= E K by the theory of 
complex multiplication, and we denote by f the conductor of ip- 

We let M{ip) be the motive over K with coefficients in K associated to 
the Grossencharacter ijj. Then we have M^if)) = H^{Ek), where H^{Ek) 
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is the motive associated to Ek- The Hasse-Weil L- function of M{'ip) is a 
function with values in K (^q C given by 

L{M{tP),s) = {L{^r,s))r:K^C, 

where r : K ^ C are the embeddings of the coefficient K of M{ip) into C 
and L{ipT-,s) is the Hecke L-function 



(q,f)=l ^ ^ ^ 



{q,f) 

associated to the character ipr : ^ K ^ C Here, the product is over 
the prime ideals c\ of K which are prime to f. 

For integers a > and n, we let = M{ip°') := M('0)®^'^, which is 
a motive over K with coefficients in K. Then the Hasse-Weil L-function 
L{M'^, s) is given by the Hecke L-function 

L(M^s) = (L«,s)V;i^^c 

with values in K C. We let be the Betti realization of M", which 
is a vector space of dimension one. We fix a A'-basis of M^. The de 
Rham realization M^^{n) of M"'{n) is the rank one K (^q A-module 

with Hodge filtration given by 

M^^{n) m < —n 
F'^M^^in) = I Kw"'"-'^ _n<m<a-n 
otherwise. 

V. 

In what follows, we consider the case when n > a, which implies in par- 
ticular that our motive is non- critical. We have in this case F^M^^{n) = 0. 
The tangent space of our motive is given by 

:= M^^{n)/F'Mi^in) - M^^in), 

which is again a K 0q AT- module of rank one. Note that (^tg,n ■— w"""'" + 
^n,n-a gjygg basis of as a A (8)Q ii'-module. 

We denote by VJ^(n) the M-Hodge realization of M°'[n). The Beilinson- 
Deligne cohomology H}g{K ®q M, V^(n)) is given as the cokernel of the 
natural inclusion 

M%{n) ®QM^t^ (»qM. 

The Beilinson regulator map gives a homomorphism 

(1) Too : Hl^,{K, M»(n)) ^ H}j{K ®q M, F« (n)), 

from the motivic cohomology HI^^^{K , M'^ {n)) of K with coefficients in 
M°-{n) to H'^^{K (g)Q M,y^(n)). Then Too ®q M is known to be surjec- 
tive and is conjectured to be an isomorphism. We let be an element 
of iJ^ot (AT, M"(n)) such that roo(c^) generates Hl{K^,V^{n)) as a Koo ■= 
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K ®(Q M-module. We define the complex period ^oo{n) of M°'{n) to be the 
determinant of the exact sequence 

(2) ^ M|(n) »Q M ^ ®Q R ^ H^^{K ®q M, V^{n)) 

for the basis roo{Cn), ^tg,nj cj^. The complex period is an element in 
Koo and is independent of the choice of the basis up to multiplication by an 
element in . The value L{M"',n) is in K (8)q M, and the weak Beilinson 
conjecture for M"'(n) as proved by Deninger |Delj gives the following (see 
Theorem 16.21 and Corollarv 16.41 for the precise statement.) 

Theorem 2.1. The value 

is an element in . 

For any prime p, the etale realization Vp{n) of our motive is a K (8)q Qp- 
vector space with continuous action of Ga\{K /K). We fix a prime p > 5 
relatively prime to f such that E has good ordinary reduction at p. In this 
case, the ideal generated by p splits as (p) = pp* in K. We fix a prime ideal p 
of K above p. Then the Bloch-Kato exponential map gives an isomorphism 

(3) expp : <S^K K, ^ H}{K„ 

and the inverse of this isomorphism is denoted by log^. The p-adic etale 
regulator map gives a homomorphism 

(4) rp : Hl,,{K,M'^{n)) ^ H}{K,,V^{n)), 

and the map Vp ® Qp is conjectured to be an isomorphism. Assuming that 
the p-adic regulator map Vp is injective, we define the p-adic period ^p{n) 
of M"'{n) to be the determinant of the map logp for the basis rp{c^) and 
(^tg^n- other words, ^p(n) is an element in Kp := K (8)q = Kp 0Kp* 
satisfying 

(5) logpo rp«) =J7p(n)wt"g,n- 

The p-adic period ^p{n) is independent of the choice of basis up to multi- 
plication by an element in . 

Remark 2.2. We need to assume the injectivity of the p-adic regulator rp 
to insure that the p-adic period 0,p{n) is non-zero. Kato has proved in |Katoj 
15.15 the weak Leopoldt conjecture for any Hecke character of K. Hence by 
a result of Jannsen ([Jan], Lemma 8), we may then conclude that 

H\OK[lMa],V;{n)) = 

for almost all n. This implies that rp is injective for such n. 

The p-adic Beilinson conjecture as formulated by Perrin-Riou (see [Colj 
Conjecture 2.7) specialized to our setting is given as follows. 
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Conjecture 2.3. Let a he an integer > 0. Then there exists ap-adic pseudo- 
measure fi^ on Zp with values in Kp such that the value 

in Kp for any integer n > a satisfies 

Lpir ® Xcyc) ^( ^{vT \ ( _ wx \ nn)L{r,n) 

where p is a fixed prime in K above p. 

If fa / (1) for the conductor of il)"", then fi'^ should in fact be a p-adic 
measure. Note that the dependence of the pseudo-measure on the choices 
of the basis wfg ,j and cancel, where as the pseudo-measure depends on 
the choice of the basis w^. The main goal of our research is to prove that 
the p-adic measure constructed by Vishik-Manin and Katz gives the pseudo- 
measure of the above conjecture when the prime p is split in K. 

The main theorem of this article (Theorem 16. 9p is the proof of the above 
conjecture for integers n such that the corresponding p-adic regulator map 
Tp is injective. 



3. Construction of the Eisenstein class 

The main difficulty in the proof of the Beilinson and p-adic Beilinson 
conjectures is to construct the element € H]^^^{K , M'^ {n)) for M"" := 
M('0") and to calculate the images roo(c^) and rp{c1^) with respect to the 
Beilinson-Deligne and p-adic regulator maps. We will use the Eisenstein 
symbol as constructed by Beilinson. 

We fix an integer N > 3, and let M(N) be the modular curve defined 
over Z[l/iV] parameterizing for any scheme S over Z[l/A^] the pair [E^v), 
where E is an elliptic curve over S and 

u : {Z/NZf ^ E[N] 

is a full level A^-structure on E, where E[N] is the group of A^-torsion points 
of E. We let pr : — 7- M be the universal elliptic curve over M with 
universal level A^-structure u : (Z/A^Z)^ = i?[A^], and consider the motivic 
sheaf Q(l) on E. We let 

(6) J^:=fiipr,Q(l), 

and we denote by Sym'^J^ the k-th. symmetric product of J^. Let (p = 
SpGB[7V]\{o} ^p\-P\ ^ Q-linear sum of non-zero elements in E[N]. For any 
integer k > 0, the Eisenstein class Eis^^((^) is an element 

(7) Eis^+o?(¥') e ^iot(M, Sym^'jr(l)). 
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Although the formahsm of mixed motivic sheaves or motivic cohomology 
with coefficients have not yet been fuUy developed, one can give meaning to 
the above sheaves and cohomology (see [BLj . |BKlj for details). 

Then the class may be constructed from the Eisesntein class as follows. 
Let K be an imaginary quadratic field of class number one, and let E be 
an elliptic curve defined over Q with complex multiplication by the ring 
of integers Ok of K. We denote again by ip the Hecke character of K 
corresponding to Ex with conductor f. We take > 3 such that is 
divisible by f. For the extension F := K{E[N]) of K generated by the 
coordinates of the points in E[N], we let Gp/^ ■= Gal{F/K) the Galois 
group of F over K. We fix a level A^-structure ly : [Z/NZf ^ E[N] of 
E over F, and we denote by the composition of u with the action of 
a € GpiK- Then for any a G Gp/x, we denote by l'^* the pull-back with 
respect to the F- valued point t"^ : SpecF — t- M of M corresponding to 
(£", 1^°^). Then the image of the sum l* := X^o-eGj^/x ^'^* invariant by the 
action of the Galois group, hence gives a pull-back morphism 

ifLt(M,Sym'=jr(l)) A Hl,,,{K,Sjm^*J^{l)). 

Note that on Specie, the motivic sheaf l*J^ is given by the motive H^{E){1), 
which by definition corresponds to the motive M(tp)(l). The structure of 
i^-coefficients on L*Jif gives the following decomposition. 

Lemma 3.1. For integers j satisfying < j < k/2, we have the decompo- 
sition of motives 



o<i<| 

where we take the convention that for k = 2j, we let M[ip^){k/2) be the Tate 
motive Q{k/2) with coefficients in Q. 

Let a > be an integer and we let fa be the conductor of ■ip'^. We let 
Fa := i('(i?[fa]) be the extension of K generated by the coordinates of the 
points in E[fa], and we let wp/p^ be the order of the Galois group Gal(F/Fa). 

The Eisenstein classes F,is^^{p) are defined for points p G E[N] \ {0} but 
is not defined for p = 0. Hence in defining c"^, we differentiate between the 
case when ^ (1) and fa = (1). 

Definition 3.2. We define (pa as follows. 

(1) If fa 7^ (1), then we fix a primitive fa-torsion point pa of E and let 

fa ■■= [pa], 

WaWp/p^ 

where we denote again by pa the A^-torsion point of E corresponding 
to Pa through v and u, and Wa is the number of units in Ok which 
are congruent to one modulo fa. 
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(2) If fa = (1), then we let 



WaWptp^ 



We define the class c"^ as follows. 

Definition 3.3. For any integer a, n such that n > a > 0, we let A; = 
2n — a — 2. Then the motive M°'{n) := M{Tp°')[n) is a direct summand of 
Sym'^i*J^(l). We define the motivic class to be the image of Eis^^ (yja) 
with respect to the projection 

Hl,,{K,Syuih*M'{l)) ^ HU{K,M%n)), 

where is as in Definition | 



Let p be a rational prime which does not divide f, and we take A'^ > 3 
to be an integer divisible by f and prime to p. In order to prove the p- 
adic Beilinson conjecture, it is necessary to calculate the images of with 
respect to the Beilinson-Deligne and p-adic regulator maps. The image 
roo(c^) by the Beilinson-Deligne regulator map was calculated by Deninger 
|Delj . We will calculate the image rp(c^) by the p-adic regulator map using 
rigid syntomic cohomology. 

Denote by Mf^j^ (n) the crystalline realization of (n) , which is a filtered 
module with a cr-linear action of Frobenius, and let Hly^{Kp, M^^-^^{n)) be 
the syntomic cohomology of Kp with coefficients in M^^-^^[n). Then noting 
that (8>(Q Qp = in this case, there exists a canonical isomorphism 

(8) tl ®Q % ^ H^^,{Kp,AC-Jn)). 

If we let Vp{n) be the p-adic etale realization of Af"(n), then we have a 
canonical isomorphism 

(9) ifiynC^P'^cHsH) ^ H}iKp,V;{n)), 

which combined with ([8|) gives the exponential map ([3]). The syntomic 
regulator map 

defined by Besser ( [Bes| §7) is compatible with the p-adic regulator rp 
through the isomorphism ([9]) ( |Bes] Proposition 9.9). Therefore, in order 
to calculate logpO rp(c^), it is sufficient to calculate the image of r^ynicn) 
with respect to ([8]). We will calculate this image using the explicit determi- 
nation of the syntomic Eisenstein class given in |BK1] . 

4. Eisenstein class and p-adic Eisenstein series 

In this section, we review the explicit description of the syntomic Eisen- 
stein class in terms of p-adic Eisenstein series given in |BKlj . Let M := 
M{N) be the modular curve over Z[l/N] given in the previous section. We 
will first describe a certain real analytic Eisenstein series i ip- 
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Let r C C be a lattice, and we denote by A the area of the fundamental 
domain of F divided by vr := 3.14159- • • . For any integer a and complex 
number s satisfying Re(s) > a/2 + 1, the Eisenstein-Kronecker-Lerch series 
K*{z,w, s;T) to be the series 

K:iz,w,s;T) :=^*|?±^(7,^) 

■"^ -2 + 7 

where ^* denotes the sum over 7 G F satisfying 7 7^ —z and {z,w) := 
exj){{wz - wz)/A). By [Wei] VIII §12 (see [skT] Proposition 2.4 for the 
case a < 0), this series for s continues meromorphically to a function on the 
whole s-plane, holomorphic except for a simple pole at s = 1 when a = 
and w GT. This function satisfies the functional equation 

(10) F(s)i^*(z, w, s; F) = A^'+^-^Tia + 1 - s)K*{w, z,a + l- s){w, z). 

We fix a level iV-structure v : {Z/NZf ^ ^F/F, and let p G ^F/F. For 
integers k and we define the real analytic Eisenstein series z p 
the modular form on Mc := M[N) cg)Q) C whose value at the test object 
(C/F,dz,i/) is given by 

(11) ii;r+2,Lp(C/F,dz,i/) := A-' F(s)i^,Vz+2(0,P,s;r)|^^,^2. 

We let £^^2,z,<^ — Ep«P^^2,z,p for tlie Q-linear sum = EpOpM- 

When I = 0, then ip ^ holomorphic Eisenstein series of weight k+2 
on Mc. From the g-expansion, we see in this case that this Eisenstein series 
is defined over Q, and hence defines a section £'fc+2,o,(p ™- F(Mq, u®^ (g) ^\4^ 
for bj := pr^fi- . Denote by J^dK de Rham realization of J^, which is 
the coherent OAfQ-module fi^pr^fi- with Gauss-Manin connection 

V : J^R J^^R (g) Ojy^jj, 

and let Sym'^ J^r be the fc-th symmetric product of J^r with the induced 
connection. From the natural inclusion oj®^ ^ Sym^J^R, we see that 
Ek+2fl,<fi defines a section in F(Mq, Sym'^^R (g) ^\[^). 

Let p be a prime number not dividing N. We denote by J^ig the fil- 
tered overconvergent F-isocrystal associated to on M^^, which is given 
by rJ^dR with an additional structure of Hodge filtration and Frobenius. Let 
H^y^{Mzp, Sym'^J^ig(l)) be the rigid syntomic cohomology of with co- 
efficients in Sym'^'J^ig(l). The rigid syntomic regulator is a map 

rsyn : ifiot(M,Sym'=jr(l)) ^ /^^^.(Mz,, Syn/j^ig(l)), 

and we define the syntomic Eisenstein class Eis'^^j^{(f) to be the image by 
the syntomic regulator of the motivic Eisenstein class. We let M^^'^ be the 
ordinary locus in Mz^, and M^"^ := M^'^ (g^p %■ By [BKl] Proposition 
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A. 16, a class in Hl^^{M^^, Sym^^ig(l)) is given by a pair (a, ^) of sections 

«Gr(M^;^itSym^J^rig(l)) 

e G r(M^;^ Sym^J^dR ^5q, J^l,,,,,) 

satisfying V(a) = (1 — 0*)^- The a for the class (a, ^) corresponding to the 
restriction to the ordinary locus of the syntomic Eisenstein class EiSsj^^((/?) 
is given as follows. 

We let p > 5 be a prime not dividing N , and we let M be the p-adic mod- 
ular curve defined over Zp parameterizing the triples {Eb,!^^ u) consisting of 
an elliptic curve Eb over a p-adic ring an isomorphism 

(13) ti-.G^^Eb 

of formal groups over B, and a level A^-structure v. The ring of p-adic 
modular forms Vp{Q_p^T[N)) is defined as the global section 

yp(Qp,r(iV)) := T{M,Om) Qp. 
The g-expansion gives an injection 

Vp{%,T{N))^%{Cn)M]. 

There exists a Frobenius action (p* on T^(Qp, T{N)) given on the q-expansion 
as (f)* = Frob ® a, where Frob(g) = and a is the the absolute Frobenius 
acting on Qp(C7v)- The Eisenstein series Ek+2,o,ifi naturally defines an ele- 
ment in Vp{Qp,r{N)), and using the fact that the differential c^iogg • — ^"dq 
preserves the space of p-adic modular forms, we let for any integer / > 

We let 4^2,0,^ ■■= (1 - 4>*)Ek+2fl,^ and 4'i+2,^^ ■= ^l^Ako,^ 
any integer / > 0. Then the calculation of the g-expansion shows that we 
have 

(14) 4'+Z+2,Z,^ = (l-pV*)i?fc+;+2,;,^. 

Following the method of Katz [Katzj , we may construct a p-adic measure on 
X Zp with values in V^(Qp,r(A')) satisfying the following interpolation 
property. 

Theorem 4.1. There exists a p-adic measure fj,^ on 7Lp x Zp with values in 
^p(Qp,r(iV)) such that 



for integers fc > 0, / > 0. 

iv) 

Using this measure, we define Ej:_^2 ; for Z < as follows. 
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Definition 4.2 (p-adic Eisenstein series). Let k be an integer > —1. We 
let 



where / is any integer in Z. 

The p-adic Eisenstein series satisfies the diflFerential equation 



and the weight of -E'^^_2 ; is k + I + 2. The syntomic Eisenstein class may 
be described using these p-adic Eisenstein series. The moduli problem for 
M implies that there exists a universal trivialization 

of the universal elliptic curve on which gives rise to a canonical section 
S of a; := Pi'*^^y_^ corresponding to the invariant differential d\og{l + T) 

on Gm- Since M is affine, there exists sections x and y ol E such that the 
elliptic curve Eq^ := E (S) Qp is given by the Weierstrass equation 

Eq^ : = 4a;3 _ _ g^ g^ ^ Vp{qp,T{N)) 

satisfying uj = dx/y. Then the pull back of the F-isocrystal J^rig to is 
given as 

with connection V(u^) = S;^ (8) dlogq', V(S;^) = 0, Frobenius (/)*(ti3^) = 
p-i^i^, 0*(m^) = and Hodge filtration Fir^J^ig = J^jg, Fil°J^ig = 
O^Q^S^, Fil^J^ig = (See pO] §4.3). If let w™'" := S^^S^n^ ^^^^^ ^^le 

filtered F-isocrystal Sym'^J^ig(l) on is given by the coherent module 

k 

Sym'=J^ig(l) = 0O^,Q^S5^-^'^(1) 

3=0 

with connection V(S;^'~'''-'(1)) = ju}^^^'^^'^^^{l) ^ dlogq, Frobenius 
and Hodge filtration 

k 

Fir(Sym^J^ig(l)) = 0^,^5^-^'^-(l). 



j=m+k+l 



If we let a^^^ be the section 



i=o -^^ 
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then we have 

The mam result of |BKlj is the foUowmg. 

Theorem 4.3 ( |BKlj Theorem 5.11). For any integer k > 0, the syntomic 
Eisenstein class 

Eisl+\ip) G F^y,(Mz,,Sym^^J^rig(l)) 

restricted to the ordinary locus H^y^{M^^J^ , Sym^ J^ig{l)) is represented by 
the pair (a,^) as in p^ . where ^ = Ek+2,o.<p^'^'^{'^)/kl ^dlogq and a is a 
section which maps to a'^^{ip) in r(A^([2p, Sym^J^ig(l)). 

The main ingredient in the proof of the above theorem is the character- 
ization of ^ by the residue, which by |BLj 2.2.3 (see also |HK] C.1.1) and 
the compatibility of the Beilinson-Deligne regulator map with the residue 
morphism shows that ^ represents the de Rham Eisenstein class in de Rham 
cohomology. See |BK1| Proposition 3.6 and Proposition 4.1 for details con- 
cerning this point. 

5. Special values of Hecke L-functions 

In this section, we give in Propositions 15.21 and 15.41 the precise relation 
between the special values of the Hecke L-function L[ip°', s) and Eisenstein- 
Kronecker-Lerch series. Assume that K is an imaginary quadratic field of 
class number one, and let E be an elliptic curve over Q with good ordinary 
reduction at a prime p with complex multiplication by the ring of integers 
Ok of K. We let ■0 be the Grossencharacter of K associated to Ek '■= E(^q 
K, and we denote by f the conductor of "0- We fix an invariant differential 
u oi E defined over K. We fix once and for all a complex embedding 
T : K ^ C of the base field K into C, and we let T be the period lattice of 
E := E ®K,T C with respect to uj. Then we have a complex uniformization 

(15) C/r ^ E{C) 

such that the pull-back of the invariant differential uj coincides with dz. 
Note that since E has complex multiplication, we have T = QOk for some 
complex period il. € C^. 

By abuse of notation, we will denote by ip and ^l' the complex Hecke 
characters ipr and V't associated to V', where r is the fixed embedding given 
above. Let —dx denote the discriminant of K, so that K = QiV—dx)- The 
Hecke character ■0 is of the form ^lJ{{u)) = e{u)u for any u € Ok prime to f, 
where e : (Ox/f)^ is a primitive character on (Ox/f)^ ■ 

Let X '■ i^K/fx)^ — ^ be a primitive character of conductor f^^, and 
let be a generator of f^^. Then for any u in Ok, we define the Gauss sum 
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Gix,u) by 



G{x,u) := ^ x{v) exp (^27riTr^/Q [uv/f^^/-dK^ 

(see [Lanj Chapter 22 §1), where we extend x to a function on Ok /fx by 
taking x(ii) := for any u £ Ok not prime to f^. We let G{x) '■= G{x, !)• 
Then the standard fact concerning Gauss sums are as fohows (see for exam- 
ple [Laii] Chapter 22 §1.) 

Lemma 5.1. Let the notations be as above. 

(1) We have \G{x)\^ = N if 

(2) For any u G Ok, we have G{x,u) = x{u)G{x)- 

As in ^ we let a > be an integer and fa be the conductor of ip"". Then 
the finite part e"" of ip'^ is a primitive character e° : (Ox/fa)^ ~^ of 
conductor f^. We fix a generator fa of fa and we denote by by G{e'^, u) the 
corresponding Gauss sum for any u in Ok- 

We let the notations be as in ^ In particular, we let Wa be the number 
of units in Ok which are congruent to one mod fa, and we let Wp/Fa ^'e 
the order of the Galois group Gal(F/Fa). We again let > 3 be a ratio- 
nal integer divisible by f and prime to p, and F := K{E[N]). We fix an 
isomorphism i/ : (Z/TVZ)^ ^ j^T/T. 

We first consider the case when fa ^ (1). We let pa '■= ^/ fa be a primitive 
fa-torsion point, which corresponds through the uniformization (jlSp to a 
point Pa ^ G E[K). We then have the following. 

Proposition 5.2. Suppose fa 7^ (1). Then we have 

Proof. Let wq be the number of units in Ok- By definition, we have 



Then Lemma l5.ll (2) gives the equality e"(n) = G(e", n)/G(e"). If we expand 
the definition of the Gauss sum, we see that 



Lir,s) = - V ^^expf27riTV 



uv 



Noting that Ok is preserved by complex conjugation, we see that the above 
is equal to 

(-1)" e"(w)n" / 27T fuv uv 



^0 ^^/f ITf 1^1 \VdK \ fa fa 
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For any a E Gdl{F/K), we have = pj^', where a' is the class of a in 
Ga\.{Fa/K). If (t(, := {v,Fa/F) is the element in Gal(Fa/K) corresponding 
to f E {Ox/fa)^ through the inverse of the Artin map, then by the theory 
of complex multiplication, we have pa'" = 'il){v)pa- Hence 

" i'G(OK/fa)X7er I 'I 

Our assertion follows from the fact that T = QOk, A = \Q,\'^^/dK /27r and 
the definition (1111) of the Eisenstein-Kronecker-Lerch series. □ 



The right hand side of Proposition 15.21 mav be used to express the Hecke 
L-function on the other side of the functional equation as follows. 

Lemma 5.3. We have 



r(5)L(v/,s) 



(?/'(u)/9a + 7)" 



/^|J7|2(a+l-n) 

Proof. We have by definition 

= ^75 : r-l^yiP ,a + l — s) 

for Re(s) < a/2, hence for any s E C by analytic continuation. Our assertion 
follows from the functional equation 

r(s)i^:(0, i;{v)pa, s; T) = A^+^-^'T{a + 1 - s)K:{ij{v)pa, 0,a + l-s;T) 

and the definition (jlip of the Eisenstein-Kronecker-Lerch series. □ 

The case when fa = (1) is given as follows. 
Proposition 5.4. Suppose fa = (1)- Then we have 



r{s)L{r,s)\s=n. 



P&E[N]\{0} 
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Proof. By definition, we have 

where the last equality follows from the equality 



pe^r/r 



iV2 g Arr 
otherwise 



and the fact that complex conjugation acts bijectively on T. Our assertion 
follows from the definition (1111) of the Eisenstein-Kronecker-Lerch series. □ 



Similarly to Lemma 15.31 we have the following. 
Lemma 5.5. We have 



(17) — J2 E^a^nA^/^^dz,u)) 



peElN]\{0} 



]S[2n J |j^|2{a+l-n) 



=a+l— « 



6. The Main Result 

In this section, we give an outline of the proof of our main theorem. We 
will mainly deal with the case when fa 7^ (1), as the case for fa = (1) is 
essentialy the same except for the factor (iV»+2/Ar2" _ 1). We first calculate 
the p-adic and complex periods ^2p(n) and 0(n). Prom the definition of 
and from the compatibility of the syntomic regulator with respect to pull- 
back morphisms, the restriction of the syntomic Eisenstein class through the 
decomposition of Lemma 13.11 gives the image by the syntomic regulator of 
the element < in H^^^{K , M" (n)) . 

Let the notations be as in the previous section. We denote by u* the class 
in H^j^{E/C) corresponding to dz/A, which is in fact a class in H^-^{E/K). 
Let k = 2n - a - 2. Then tj'^-i+iJ+i — uj'^''-iuj*"^^ {1) for < j < /c form 
a basis of Sym'^i* J^r(1). The relation between the basis w™'" and cj™'" is 
given by w'"'" = fip ~"*ti;''"'" . In what follows, let ifa be as in Definition 
By Theorem 14. 3^ the pull-back of the syntomic Eisenstein class EiSgj^^((y9, 
to {Kp,Sym^L*J^{l)) is expressed by the element 



j=0 
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Hence the element rsyn(c^) in H^y^{Kp, M^^^^{n)) corresponding by definition 
to the direct factor j = n — 1 and j = n — a — 1 is represented by 

Tin) ^p<-n.^.(^^^^^)^"-"'" 

L [n — a) ^ ' 

By definition of the exponential map, the element in ® Qp corresponding 
to '"syn(c^) through the isomorphism ^ is 

(-1)"-! 

i[n — a) ^ 

where En,a-n,ipa{E is the element in K^^^ satisfying 

(18) {l-p''-'''a*)En,a-n,^AE,u;,u)=El^l_^^^^iE,u,u). 

From the definition of and the discussion at the end of ^ this shows that 
we have 

^_-|^^n— a+l 

Tin) 

r(n — a) 

This gives the following. 



logpOrp«) = ^ ; n^^Er,,a-n,^AE,u,,.)u;^--'^ 



Theorem 6.1. Let n be an integer > a and assume that the p-adic regulator 
rp is injective. Then the p-adic period ^p{n) G Kp^Kp* of the motive 
M"(n) is given by 



^P(^) = n'^En,a-n,^a{E,UJ,l^) 



Proof. The theorem follows from the definition given in ([5|) of the p-adic 
period, noting that we have an isomorphism 

{K Qp) (^^'g,, - Qp u-'^'^ Qp u^--'^ 

induced from the canonical splitting K Qp = Kp ^ Kp* = Qp ^ Qp. □ 

The calculation of the complex period, originally due to Deninger [Del) 
may be done in a similar fashion. If we let T = VIOk as in the previous 
section, then the Betti homology of E is given by [E{C),'Ij) = T. We let 
7i := E r, which is a generator of F as a Oii--module. If we fix a u G Ok 
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such that Ok := Z © "Zv and if we let 72 := v(7i) where v acts through the 
complex multiplication of E, then we have T := Z71 © Z72 as a Z-module. 
The period relation gives the equality 

7i\ ^ / n/A \ f co^ 
72; {tQ Tn/AJ Vc^*^ 

The K-basis 71 induces a i^T-basis of M^(n) C Sym*''i7^(^(C), Q(l)), which 
we denote hy ujb- Then the inclusion 

M^(n) ©QM-^t^©QM 

maps UJB 



j^n j^n—a 

Furthermore, one may prove the following. 

Theorem 6.2 (Deninger |Delj ). The image ?'oo(c") in 

HliK ©Q M, V^{n)) - (t^ ©Q M)/(M|(n) ©^ R) 
of 6y i/ie Beilinson regulator ([1]) is represented by the element 

(_l)n-l 



r(n) 



in ft ©([ 



/_1 \n— a+l 

r(n - a) ' '^^ / ' ' ^ 



Proof. The Eisenstein class in this paper defined using the elliptic polylog- 
arithm is related to the Eisenstein class defined by Beilinson and Deninger. 
The theorem is then a special case of the weak Beilinson conjecture for Hecke 
character associated to imaginary quadratic fields proved by Deninger [Del] 
(see also |DWj for the case of an elliptic curve defined over Q with complex 
multiplication.) The theorem may also be proved by explicitly calculat- 
ing the Hodge realization of the elliptic polylogarithm |BL] (see also jBKT] 
Theorem A 29.) □ 

By taking the determinant of the complex ([2]) with respect to the basis 
roo(c"), ujb, i^"-'^'"- and o;"'""'^, the above calculation and the definition of 
the complex period give the following. 

Proposition 6.3. The complex period ^oo{n) of M"'{n) in i^©QM is given 
by 

Ooo(n) = (-l)»+"-iG(e")L(V^",n) 0(-l)-+lG(e«)L(V^^n) 

in K ©Q C = C ^ C i/ fa 7^ (1). A similar formula holds for the case when 
fa = (1), but with a factor (A^^'+^/iV^" — l) multiplied to the L-value. 
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Proof. The assertion follows from Theorem 16.21 by explicit calcuation, using 
the definition of fa (Definition 13. 2p . the calculation of the complex period 
above, and the relation between Eisenstein-Kronecker-Lerch series and spe- 
cial values of L-functions (Proposition 15.21 if fa ^ (1), or Proposition 15.41 if 

fa=(l)). □ 

This gives the following corollary, which we stated in Theorem 12.11 
Corollary 6.4. If fa 7^ (1), then we have 
L(V'",n) _ (-l)'^+"-i 



A similar formula holds for the case when fa = (1), but with multiplication 
by (Af'^+2/iv2n _ on the right hand side. 

Proof. The equalitiy follow from the calculation of the complex period in 
Proposition 16.31 Since is a primitive Hecke character with values in K, 
we see that this value is in □ 

We next construct the p-adic measure /x" which appears in the formulation 
of Conjecture 12.31 Since E has good ordinary reduction at p, the prime p 
splits as p = pp* in ii'. In what follows, we fix once and for all complex 
and p-adic embeddings of our coefficient K as follows. We let r : -fC C 
as in ^ and an embedding K ^ Cp mapping p to a prime in Cp. With 
this convention, we may regard the complex and p-adic periods as elements 
respectively in C and Cp, by taking the first components in Proposition 16.31 
and Theorem 16.11 

Let E be the formal group of E over Ok, and let Kp'^ be the p-adic 
completion of the maximal unramified extension K^'^ of Kp , which we regard 
as a subfield of Cp through our fixed embedding. Since p is an ordinary 
prime, there exists an isomorphism of formal groups ry over Of>ur 

r] : E ^Grn 

given by a power series ri{t) = exp{X{t)/Qp) — 1, where Qp is a p-adic period 
of E which is an element in Oi^ur satisfying 

(19) n;-' = ip{p)p-\ 

The above isomorphism gives the equality 

(20) r]*idlogil + T))=Lo/np. 

Again let > 3 be an integer as in ^ divisible by f and prime to p. By 
[Katzj 5.10.1, the value of the p-adic Eisenstein series Ekj^2,i,ipa ^'^ the test 
object {E,oj, v) is defined by 

(21) Ek+2,i,^AE,uj,u) := n';+'+^Ek+2,i,^SE,V,'^)- 
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In addition, the comparison theorem [Katz] 8.0.9 states that this value for 
integers /c > 0, Z > is an element in F := K{f) satisfying the equality 

Then the calculation above and Theorem 14.11 gives the following. 

Proposition 6.5. We let (fa be as in Definition Vj.lA and we denote again by 
the p-adic measure on Zp x obtained as the value of of Theorem 
\4-l\ at {E^uj^u). If fa 7^ (1), then we have 

for integers a > n > 0. A similar formula holds for the case when fa = (1), 
but with multiplication by [N^'^'^/N'^^ — 1) on the right hand side. 

Proof. The relation between the action of the Frobenius on Vp{Qp,T{N)) 
and its specialization is given by 

since {E, oj) is define over K and hence E"'''' = E and uj"''' = u. Then from 
the definition of the specialization of p-adic modular forms (j2ip and the 
action of the Frobenius on the p-adic period ()19p . we have 

p'<l)*{Ek+2,i,^){E,u;,u)=p' {n;')''^'^^Ek+2,iAE,V,'^''') 

Applying the above calculation to the case a = k + 1 + 2 and n = /c + 2, our 
assertion now follows from Theorem 14.1^ noting the definition of the p-adic 
Eisenstein series (I14p . the definition of (pa^ and the fact that the sum over 
all (J G Gp/x of ifia is invariant by the action of dp. □ 

Proposition 6.6. Let Z^ x Z^ — )■ Z^ be the surjection defined by p : 
{x,y) I— 7- x/y. We define the measure p,"^ on Z^ by 

[ f{w)p"^{w) = t}L f x"Vp*(/)(x,?/K.(x,y). 

If fa (1); then this measure satisfies the interpolation property 

for any integers a and n such that a > n > 0. A similar formula holds for 
the case when fa = (1), but with multiplication by (A^^+^^jy^" — 1) on the 
right hand side. 

Proof. The equality is obtained from the definition of /i'" and in calculating 
the restriction of the measure /x^^ to Z^ x Z^ . The calculation directly 
follows from Katz |Katzj 8.7.6, using the functional equation (see Remark l6.7l 
below.) One may also do the calculation using an alternative construction of 
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Katz p-adic measure ( |BKo| Proposition 3.5 and Theorem 3.7), again after 
using the functional equation. □ 

Remark 6.7. Combining Proposition 15.21 and (jl6p (or if fa = (1), then 
Proposition 15.41 and (jl7p ). we obtain the functional equation 

r(n)L(V'", n) _ NifaT+^-'Tia + 1 - n)L{^'',a + 1 - n) 

We regard fa and in Ok as elements in through the canonical iso- 
morphism — Zp- Denote by Jl^p^ the measure on x obtained as 
the pull-back of fa^f^ipa through the isomorphism 

Zp X Zp y Zp X Zp 

given by {x,y) i— )• {f ^x, f~^y). Since A = |r2p-v/dx/27r, if we let fci = 
a -|- 1 — n and k2 = I — n, then the interpolation property of Jlip^ at (i?, uj, v) 
becomes 

pi-fe y \^ pfci y 1^ 27r y r^'^'i-'^-z 

for /ci > —k2 > 0. This coincides with the interpolation property of the 
two- variable p-adic measure constructed by Katz and Yager (see |Yag| §1.) 

If fa 7^ (1), then the measure /i'" defined in Proposition 16.61 satisfies the 
condition of Conjecture 12.31 If fa = (1), then we need to cancel the factor 
(^j\ja+2 ij\^2n _ -^vhich appears in the interpolation formula. 

Definition 6.8. We define the pseudo-measure Ha on as follows. 

(1) If fa / (1), then we let /x"^ := /i"^. 

(2) If fa = (1), then we let //^ be the measure on Z^ defined by 

for any integer n. We define /x'^ to be the pseudo-measure on 
obtained as the quotient of /i"^ by /i^ (see for example jColj §1.2 for 
the definition of a pseudo- measure). 

When fa / (1), then is by definition a p-adic measure on . 

We now have the following. 

Theorem 6.9. Let a > be an integer and let fi"" be the pseudo-measure 
on TLp defined in Definition \6.^ If we let 




p-ADIC BEILINSON CONJECTURE 



19 



then we have 

for any integer n > a such that the p-adic regulator map Vp is injective. 

Proof. We first consider the case when fa ^ (1). By definition of the p- 
adic Eisenstein series in Definition I4.2|, the moments of the measure /^^^ 
constructed in Theorem 14.11 is given by p-adic Eisenstein series. As in (jlSp . 
let En,a-n,ipai^^^^^) ^"6 the element in K^^ satisfying 

Then the compatibility between the Frobenius on the modular curve and a 
point, as well as the restriction of the measure on Zp x to x shows 
that we have the relation 



Gie"-) J V p'^+i"" / -^"''^""''^"(-^''^''^)■ 

The calculation of the p-adic period in Theorem 16.11 shows that 

for our fixed embedding K ^ Cp. This proves in particular that 

(_l)a-n+l r ( V(pr\ / V^(p*r\ r(n) 



^VH= 1 



^p{n) Jz- V P" / V p-^+i""; G(e«)' 

Our assertion now follows from Corollarv 16.41 The case for = (1) follows 
in a similar fashion, noting the interpolation property of /i'" and /i^. □ 
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